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Department of Mathematics, Tokyo Denki University
\S 0 Kronecker quiver $GL_{m}\cross GL_{n}$ $M_{m,n}\cross M_{m,n}$
$(g, h)$ (X, Y) $=(gXh^{-1}, gYh^{-1})$ Kronecker
Kronecker
quiver ( [ARS] )
$m=n$ ( Kronecker )
(I) $G=GL_{n}\cross GL_{n}\cap L=M_{n}\cross M_{n}$ , $(g, h)\cdot(X, Y)=(gXh^{-1}, gYh^{-1})$
GIT ( )
$L^{ss}$ ( ) Chevally section
$L^{u}$
$G\cross GL_{n}\mathfrak{g}\mathfrak{l}_{n}$








$GL_{n}arrow GL_{n}\cross GL_{n}$ , $g\mapsto(g,{}^{t}g^{-1})$ , $M_{n}-M_{n}\cross M_{n}$ , $X\mapsto(X,{}^{t}X)$ ,
$(GL_{n}, M.)arrow(GL_{n}\cross GL_{n}, M. \cross M_{n})$
$M_{n}/GL_{n^{c}}arrow M_{n}\cross M_{n}/GL_{n}\cross GL_{n}$
3 1
(III) $GL_{n}\cap Sym_{n}\cross Alt_{n}$ , $g\cdot(S, A):=(gS^{t}g, gA^{t}g)$
(IV) $GL_{n}\cap Sym_{n}\cross Sym_{n}$ , $g\cdot(S_{1}, S_{2}):=(gS_{1}^{t}g, gS_{2}^{t}g)$
(V) $GL_{n}c\sim Alt_{n}\cross Alt_{n}$ , $g\cdot(A_{1}, A_{2})$ $:=(gA_{1}^{t}g, gA_{2}^{t}g)$
1(II) (III) GL$n$-
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$(GLn, Sym_{n}\cross Alt_{n}),$ $(GL_{n},Sym_{n}\cross Sym_{n}),$ $(GL_{n}$ , Alt$n\cross Alt_{n})arrow(GL_{n}\cross GL_{n}, M_{n}\cross M_{n})$
(I)
(II), (III), (IV), (V)
(I)
4
Kronecker $L^{\Re}/G$ 9 $1_{n}/$ Ad(GL.) ”
” $(II)-(rv)$
Kronecker $\theta$- $\theta$- 2
(III) $(Sym_{n}\cross Alt_{n})^{s\epsilon}/GL_{n}$ 2
$0_{n}/$ Ad $(O_{n})$ , $z\mathfrak{p}_{n}/$ Ad $(Sp_{n})$ ” ” :
$0_{n}/$ Ad $(O_{n})arrow(Sym_{n}\cross Alt_{n})^{\infty}/GL_{n}rightarrow s\mathfrak{p}_{n}/$ Ad $(Sp_{n})$ :
\S 1 Kronecker
\S 0, (I)




(21) $\det(tX-Y)=f_{0}(X, Y)t^{n}+f1(X, Y)t^{n-1}+\cdots+f_{n}(X, Y)$
$f_{j}$ $\chi$ : $Garrow \mathbb{C}^{\cross}$ $(\chi(g, h):=\det(g)^{-1}\det(h))$
$\mathbb{C}[L]_{\chi^{m}}^{G}:=\{f\in \mathbb{C}[L]|f((g, h)\cdot x)=\chi(g, h)^{m}f(x)((g, h)\in G, x\in L)\}$
$\mathbb{C}[L]$
$\mathbb{C}_{\chi}^{G}[L]:=\oplus_{m\geq 0}\mathbb{C}[L]_{\chi^{m}}^{G}$
$K=K_{\chi}:=Ker(\chi)$ ( [R] )
1.2. (1) $\mathbb{C}_{\chi}^{G}[L]=\mathbb{C}[L]^{K}=\mathbb{C}[fo, f1, \ldots, f_{n}]$
(2) $(G;L)$ $\mathbb{C}_{\chi}^{G}[L]$
\S 2 $\mathbb{C}^{x}$ -
Kronecker \S 0
2 \S 5 Krone $ker$ $\theta$-
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20
$G$ $X$ $X$ $G$- $X$
$X^{G-c1}:=$ {$x\in X|G\cdot x$ is closed in $X$}




$X$ $G$ $\mathbb{C}[X]^{G}arrow \mathbb{C}[X]$
$\pi_{G}$ : $Xarrow X$ $G$ $\pi_{G}$ $\pi_{G}$
1
2.0. $\pi_{G}$ 1 $G$-




(Al) 1 $\rho:\mathbb{C}^{x}arrow G$ $p\geq 1$
$\rho(t)\cdot v=t^{p_{V}}(t\in \mathbb{C}^{x}, v\in L)$ .
$X(G)$ $G$ $X(G, L):=\{\chi\in X(G)\backslash \{1\}|\mathbb{C}[L]_{\chi}^{G}\neq\{0\}\}$
21.
(1) $\mathbb{C}[L]^{G}=\mathbb{C}$
(2) $\mathbb{C}[L]_{\chi_{1}}^{G}\mathbb{C}[L]_{\chi_{1}}^{G}\subset \mathbb{C}[L]_{\chi_{1}\chi_{2}}^{G}(\chi_{1}, \chi_{2}\in X(G, L))$
(3) $\chi\in X(G, L)$ $d_{\chi}>0$ $\mathbb{C}[L]_{\chi}^{G}\subset \mathbb{C}[L]_{d_{\chi}}$ ( $d_{\chi}$-
)
$\chi\in X(G, L)$





$L^{\chi-\Re}:=\{v\in L|\exists m>0,$ $f\in \mathbb{C}[L]_{\chi^{m}}^{G},f(v)\neq 0\}$
$L^{\chi-ae}$




(A2) $\mathbb{C}[L]_{\chi}^{G}$ $\mathbb{C}$- $\mathbb{C}_{\chi}^{G}[L]=\oplus_{m\geq 0}\mathbb{C}[L]_{\chi^{m}}^{G}$
23. (A2) $L^{\chi-\infty}:=\{v\in L|\exists f\in \mathbb{C}[L]_{\chi}^{G}, f(v)\neq 0\}$ $\square$
(A2) $\chi\in X(G, L)$ 1 $K=K_{\chi}$
$x\in L^{\chi-\Re}$ $G\cdot x$ K-
$K\cdot x$
24. $x\in L^{\chi-ae}$ $f\in \mathbb{C}[L]_{\chi}^{G}$ $f(x)\neq 0$ ( 23






$\mathbb{C}[L_{f}]^{G}=\{g/f^{m}|m\geq 0,g\in \mathbb{C}[L]_{\chi^{m}}^{G}\}\subset \mathbb{C}[L_{f}]^{K}=(\mathbb{C}[L]^{K})_{f}=\{g/f^{m}|m\geq 0,g\in \mathbb{C}[L]^{K}\}$
$\mathbb{C}[L_{f}]^{G}arrow \mathbb{C}[L_{f}]^{K}$
$\alpha$ : $L_{f}$ $Karrow L_{f}$ $G$
$\pi_{(K;L_{j})}$










26. $K\cdot x(x\in L\backslash \{0\})$ $L$ $\{0\}$ $K$- $f(x)\neq 0$
$f\in \mathbb{C}[L]_{\chi}^{G}$ $G\cdot x\subset L_{f}$ $L_{f}$ $(x$
$\mathcal{N}(K_{\chi};L)$ $G\cdot x\subset L^{\chi-\epsilon s}$ $f$ )
$L^{\chi-ae}$ $G$- $L$ $K$-






$L^{\chi-ss}//G=$ Proj $(\mathbb{C}_{\chi}^{G}[L])=U_{f\in \mathbb{C}[L]_{\chi}^{G}\backslash \{0\}}Spec(\mathbb{C}[L_{f}]^{G})$
(Al), (A2) $L^{\chi-ae}$ $G$
$f_{0},$ $fi,$
$\ldots,$








$f_{r}$ $\pi_{K}(L)$ $\mathbb{C}^{x}$ -
$\pi_{K}(L)$ $\mathbb{C}^{r+1}$ $\pi_{K}$ $L^{\chi-\infty}=L\backslash \mathcal{N}(K_{\chi};L)$
$\alpha$ : $\mathbb{C}^{r+1}arrow \mathbb{P}^{r}(\mathbb{C}),$ $(y0, y_{1}, \ldots, y_{r})\mapsto[y_{0}, y_{1}, \ldots, y_{r}]$
$\pi_{G}:L^{\chi-ss}arrow \mathbb{P}^{r}(\mathbb{C})$ , $\pi_{G}(x)=[f_{0}(x), \ldots, f_{r}(x)]$
$\pi_{K}(L)$ $\mathbb{C}^{r+1}$ $\pi_{G}(L^{\chi-\infty})=[\pi_{K}(L)\backslash \{0\}]$ $\mathbb{P}^{r}(\mathbb{C})$
$\pi_{G}(L^{\chi-ss})$ $L^{\chi-ae}$ $G$











28. (1) $x\in L^{\chi-ae}$ $\pi_{G}^{-1}(\pi_{G}(x))$ $L^{\chi-8s}$ $G$- 1
$(L^{\chi-ss})^{G-c1}/Garrow L^{\chi-\epsilon s}\parallel G$ , $G\cdot x\mapsto\pi_{G}(x)$
$L^{\chi-ae}//G$ $(L^{\chi-\Re})^{G-c1}/G$ :
$(L^{\chi-ae})^{G-c1}/G\simeq L^{\chi-\infty}$ $G$ .
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(2) $\pi_{G}:L^{\chi-\infty}arrow L^{\chi-ae}\parallel G$ $G$ $L^{\chi-\infty}$
$\square$
$L^{\chi-\infty}$ $\chi\in X(G, L)$ (A3)
$L^{\chi-\infty}$
(A3) $G$- $f\in \mathbb{C}[L]$ $\mathbb{C}_{\chi}^{G}[L]=\oplus_{m\geq 0}\mathbb{C}[L]_{\chi^{m}}^{G}$ Y
Kronecker $\chi$ \S 1
29. (A3)
$L^{\chi-\infty}=L^{u}:=$ { $x\in L|$ $G$- $f$ $f(x)\neq 0$ }. $\square$
22Chevally section
21 (Al), (A2) 21
[L], [LR]
210.([L], [LR]) K- $x\in L^{K-c1}$ stabilizer K.
$SC(K;L):=$ $\{K. |x\in L^{K-c1}\}$ $T=K_{z_{\text{ }}}\in SC(K;L)(x_{0}\in$
$L^{K-c1})$ 1
(1) SC$(K;L)$ $T’$ $T$ $K$- $(\exists g\in K,$ $T’=gTg^{-1}$ :
$T’\sim TK$ )
(2) $(L\parallel K)^{pr}:=\{\xi\in L$ $K|K_{x}\sim TK(\forall x\in\pi_{K}^{-1}(\xi)\cap L^{K-c1})\}$ $L$ $K$
$\square$
$x_{0}\in L^{K-c1}$ , T $=$ Kz
$c:=L^{T}=\{x\in L|g\cdot x=x(\forall g\in T)\}$
$T=K_{x_{0}}=G_{x_{0}}=Z_{K}(c)=Z_{G}(c),$ $N_{K}(T)=N_{K}(c)\subset N_{G}(T)=N_{G}(c)$
GL(c) $W_{K},$ $W_{G}\subset$ GL(c)
$W_{K}=W_{K}(c):=N_{K}(c)/T\subset W_{G}=W_{G}(c):=N_{G}(c)/T$
$(K;L)$ $(W_{K}, c)$ Luna, Richardson
Chevally section $W_{K}$ Chevally section Weyl
Chevally
211. ([LR]) (1) $\gamma^{*}:\mathbb{C}[L]^{K}arrow \mathbb{C}[c]^{W_{K}},$ $\gamma^{*}(f)=f|_{c}$
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(2) $O\in L^{K-c1}/K$ $c\cap O\neq\emptyset$
(3) $O_{t}\in C/W_{K}$ $\mathcal{O}$ $c$ $K$ . $\mathcal{O}$ $L$




$T\subset K$ $\chi(T)=\{1\}$ $\chi$ $W_{G}=N_{G}(T)/T$
$\chi_{w}$ $\rho(\mathbb{C}^{x})$ $N_{G}(T)$ $T$ $\chi$ $W_{G}$










$(c^{\chi_{w}-\Re})^{W_{G}-c1}/W_{G^{arrow}}^{\sim}(L^{\chi-ss})^{G-c1}/G$, $o_{c}\mapsto G\cdot 0_{t}$ .
$(G;L)$ Chevally section $c^{\chi_{w}-oe}$ $\mathcal{W}_{G}$-
$L^{\chi-ae}$ $\mathcal{W}_{G}$-
\S 3 Kronecker GL. $\cross GL_{n^{(\sim}}$ $(M. \cross M_{n})^{ss}$
Kronecker
$G:=GL_{n}\cross GL_{n}\cap L$ $:=M_{n}\cross M_{n},$ $(g, h)\cdot(X, Y)=(gXh^{-1}, gYh^{-1})((g, h)\in G, (X, Y)\in L)$
$x,$ $y$ $n$ binary form $n+1$ $B_{n}$
$(A, B)\in L$ $\Phi_{(A,B)}\in \mathcal{B}_{n}$ $f_{j}\in \mathbb{C}[M]$
(31) $\Phi_{(A,B)}:=\det(xA-yB)=f_{0}(A, B)x^{n}+f_{1}(A, B)x^{n-1}y+\cdots+f_{n}(A, B)y^{n}$
$f_{j}$
$\chi:Garrow \mathbb{C}^{x}$ , $\chi(g, h):=\det(g)\det(h)^{-1}$
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\S 1 $(3.2)-(3.7)$
(3.2) $Larrow \mathbb{C}^{n+1},$ $x\mapsto(f_{0}(x), \ldots, f_{n}(x))$ $\circ$
(3.3) $\mathbb{C}[L]^{K}=\mathbb{C}_{\chi}^{G}[L]=\oplus_{m\geq 0}\mathbb{C}[L]_{\chi^{m}}^{G}=\mathbb{C}[f_{0}, f_{1}, \ldots, f_{n}]$ $(K=Ker(\chi))$
(3.4) $(G;L)$ $\mathbb{C}[f_{0}, fi, \ldots , f_{n}]$
$(G;L)$ \S 2 (Al), (A2)
(3.5) $\Phi$ : $Larrow B_{n},$ $(A, B)\mapsto\Phi_{(A,B)}$ $(K;L)$ ; $L$ $K=B_{n}$
(3.6) $L^{\chi-ae}=\{(A, B)\in L|\Phi_{(A,B)}\neq 0\}$
(3.7) $[\Phi]$ : $L^{\chi-\infty}arrow \mathbb{P}(B_{n}),$ $(A, B)\mapsto[\Phi_{(A,B)}]$ $(G;L)$ :
$L^{\chi-ae}$ $G=\mathbb{P}(B_{n})\simeq \mathbb{P}^{n}$ .
3.1 Chevally section
Chevally section $L^{\chi-\infty}$ $G$
$D_{n}$ $:=\{$diag $(a_{1},$ $\ldots,$ $a_{n})\in M_{n}|a_{j}\in \mathbb{C}\}$ , $T_{n}$ $:=D_{n}\cap GL_{n}\supset T_{n}’$ $:=\{t\in T_{n}|\det(t)=1\}$
$T=\Delta(T_{n}):=\{(t, t)|t\in T_{n}\}\subset G$
$z=(A, B)\in L^{\chi-ae}$ $f_{0}(z)=\det(A)\neq 0$ $A^{-1}B\in M_{n}$
$K_{z}\sim TK$ $T$ SC$(K;L)=\{K_{z}|z\in L^{K-c1}\}$
$L^{T}=D_{n}\cross D_{n}$
$c:=L^{T}=D_{n}\cross D_{n}$
$K\cap L$ Chevally section Weyl
$W_{K}=T_{n}’\rangle\not\in S_{n}\triangleleft W_{G}=T_{n}\rangle\not\in S_{n}$
$W_{G}$ $(a, b)=(diag(a_{1},$
$\ldots,$
$a_{n})$ ,diag$(b_{1},$ $\ldots,$ $b_{n}))\in c$
$\sigma\cdot(a, b)=($diag$(a_{\sigma(1)},$ $\ldots$ , $a_{\sigma(n)}$ , diag$(b_{\sigma(1)},$ $\ldots,$ $b_{\sigma(n)}))(\sigma\in S_{n})$
$t\cdot(a, b)=(diag(t_{1}a_{1}, \ldots, t_{n}a_{n})$ , diag $(t_{1}b_{1}, \ldots, t_{n}b_{n})(t=$ diag $(t_{1},$ $\ldots,$ $t_{n})\in T_{n})$
$\chi\in X(G)$ $W_{G}$ $\chi_{w}$ $t\sigma\in W_{G}$
$\chi_{w}(t\sigma)=t_{1}t_{2}\cdots t_{n}$ $s_{j}:=f_{j}|_{c}$ 211
$\mathbb{C}_{\chi_{w}}^{W_{G}}[c]=\mathbb{C}[c]^{W_{K}}=\mathbb{C}[s_{0}, s_{1}, \ldots, s_{n}]$
(a,b) $=(diag(a_{1},$ $\ldots,$ $a_{n})$ , diag $(b_{1},$ $\ldots,$ $b_{n}))\in c$
$\Phi_{(a,b)}=\det(xa-yb)=(a_{1}x-b_{1}y)\cdots(a_{n}x-b_{n}y)=s_{0}(a, b)x^{n}+s_{1}(a, b)x^{n-1}y+\cdots+s_{n}$ (a, b) $y^{n}$
138
$W_{K}$ (resp. $W_{G}$ ) $c\sim c$ (resp.
)
$(a,b)\in c^{\chi_{w}-ss}\Leftrightarrow\Phi_{(a,b)}\neq 0\Leftrightarrow(a,b)\in L^{\chi-ae}$
$c^{\chi_{w^{-S8}}}=L^{\chi-8S}\cap c=\{(a,$ $b)\in c|a_{i}=b_{i}=0$ $i$ $\iota\backslash \}$
$c^{\chi_{w}-\infty}$ $W_{K}$- $(\Leftrightarrow c^{\chi_{w^{-\mathfrak{B}}}}$ $W_{G}$-
$C^{\chi_{w}-ss}$ $)$
31. (1) $c^{W_{K}-c1}=c^{\chi_{w^{-S8}}}\cup\{(0,0)\}$ $c$ $W_{K}$
(2) $(c^{\chi_{w}-88})^{W_{G}-c1}=c^{\chi_{w^{-\mathfrak{B}}}}$ $W_{G}$ $c$ $\chi_{w}$-
$c^{\chi_{w^{-}}}\parallel W_{G}$ ( $C^{\chi_{w}ss}//W_{G}=$
$c^{\chi_{w^{-88}}}/W_{G}$ )
$c^{\chi_{w}-ae}\parallel W_{G}$ $C//W_{K}$ $\{0\}$
32. (1) $O\in L^{\chi-s8}/G$ $L^{\chi-ae}$ $G$-
$\mathcal{O}\cap c\neq\emptyset$
r$\infty$




$y_{\backslash }],\Gamma\grave{\iota}_{4^{\text{ }}}^{-}$ $C^{\chi_{w}-\infty}/W_{G}arrow(L^{\chi-\infty})^{G-c1}/G,$ $O\mapsto G\cdot O$ $\#\lambda$ $5f$ o $\square$
$G\cap Ad9$ Cartan $t$
$\mathfrak{g}arrow L^{\chi-ae},$ $tarrow c^{\chi_{w}-ae}$
32 $\mathbb{C}^{n}arrow \mathbb{C}^{n}/S_{n}$
$\pi_{W_{G}}:c^{\chi_{w}-\infty}arrow c^{\chi_{w^{-88}}}/W_{G}=\mathbb{P}(B_{n})\simeq \mathbb{P}^{n},$ $( a, b)\mapsto[\Pi_{i=1}^{n}(a_{i}x-b_{i}y)]=[\sum_{k=0}^{n}s_{k}(a, b)x^{n-k}y^{k}]$
$W_{G}=T_{n}xS_{n}$ $W_{\mathring{G}}=$ T. $C^{\chi_{w}-ss}/W_{G}^{\text{ }}$ (
)
$c^{\chi_{w}-\Re}arrow c^{\chi_{w^{-\mathfrak{B}}}}/W_{G}^{\text{ }}arrow\sigma c^{\chi_{w}-ss}\parallel W_{G}=\mathbb{P}^{n}(\mathbb{C})$
$c^{\chi_{w^{-88}}}/W_{G}^{O}=\mathbb{P}^{1}(\mathbb{C})^{n}$ $W_{G}$ $W_{G}^{\text{ }}$
$W_{G}/W_{G}^{\text{ }}=S_{n}$ $\sigma$
$\sigma:\mathbb{P}^{1}(\mathbb{C})^{n}arrow \mathbb{P}^{n}(\mathbb{C}),$ $\sigma([a_{1}:b_{1}], \ldots, [a_{n}:b_{n}])=[s_{0}(a, b):s_{1}(a, b): . . . :s_{n}(a, b)]$
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$S_{n}$
$\mathbb{C}^{n}=c_{0}/W_{G}^{o}$ $arrow$ $c^{\chi_{w}-\infty}/W_{G}^{O}$ $=$ $\mathbb{P}^{1}(\mathbb{C})^{n}$
$\sigma_{0}\downarrow$ $\downarrow$ $\downarrow\sigma$ $/S_{n}=W_{G}/W_{G}^{o}$
$\mathbb{C}^{n}=c_{0}/W_{G}$ $arrow$ $c^{\chi_{w}-\Re}/W_{G}$ $=$ $\mathbb{P}^{n}(\mathbb{C})$




$\sigma$ : $C^{\chi_{w}-\infty}/W_{\mathring{G}}arrow C^{\chi_{w}\infty}/W_{G}$ (compact )
3 $c^{\chi_{w^{-}}}/T_{n}=\mathbb{P}^{1}(\mathbb{C})^{n}$ 41
3.3 Binary forms $W_{K}$ $c$
$c$ $(n, 2)$ $c=M_{nx2}(\mathbb{C})$ $c$ $GL_{2}(\mathbb{C})$
(a, b) $\cdot(\begin{array}{ll}p qr s\end{array})=(ap+br, aq+bs)$
$W_{K}=T_{n^{\aleph}}’$ S.
$\Phi$ : $carrow B_{n},$ $(a, b)\mapsto\Phi(a, b)=(a_{1}x-b_{1}y)(a_{2}x-b_{q}y)\cdots(a_{n}x-b_{n}y)$
$W_{K}$ $c$
$c\parallel W_{K}=\mathcal{B}_{n}$ , $\mathbb{C}[B_{n}]=\mathbb{C}[c]^{W_{K}}$




$\chi$ $\chi(t_{1},t_{2}, \ldots, t_{n})=t_{1}t_{2}\ldots t_{n}$ ( 31 $\chi_{w}\in X(W_{G})$ $T_{n}$
)
$\mathbb{C}[d_{lj}]^{T_{n}’}=\oplus_{k\geq 0}\mathbb{C}[d_{ij}]_{\chi^{k}}^{T_{n}}$ $(\mathbb{C}[d_{ij}]_{\chi^{k}}^{T_{n}}=\{f\in \mathbb{C}[d_{ij}]|f(t\cdot(a, b))=\chi(t)^{k}f(a, b)(t\in T_{n})\})$
Kempe
3.3. ([HMSV], [M2] )
(1) $n$ $\mathbb{C}[d_{1j}]_{\chi^{n}}^{T}$ $\mathbb{C}[d_{tj}]^{T_{n}’}$
(2) $n$ $\mathbb{C}[d_{1j}]_{\chi^{2}}^{T_{n}}$ $\mathbb{C}[d_{1j}]^{T_{n}’}$
3 $\mathfrak{c}^{\chi_{w^{-}}}/T_{n}=c^{\chi_{w^{-\mathfrak{B}}}}/W_{G}^{\text{ }}$ Cartan $W_{G}/W_{G}^{\text{ }}=S_{n}$ Weyl
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$n=2m$ $\mathbb{C}[d_{ij}]_{\chi^{n}}^{T}$ $S_{n}$- $(m, m)$ $S_{n^{-}}$
$V(m, m)$ $4_{;}$
$\mathbb{C}[d_{ij}]_{\chi}^{T_{n}}\simeq V(m, m)$ .
33, (1) $V(m, m)$ $S(V(m, m))$
$S(V(m, m))^{s_{n}}arrow(\mathbb{C}[d_{ij}]^{T_{n}’})^{s_{n}}=\mathbb{C}[B_{n}]^{SL_{2}}$
$S(V(m, m))^{S_{n}}$ $SL$2 $c\sim \mathcal{B}_{n}$ FFT
\S 4
Kronecker $G=GL_{n}\cross GL_{n}\cap L=$ M. $\cross M_{n}$
41
$(A, B)\in L^{\chi-ae}$ $\Phi_{(A,B)}(z, 1)=\det(zA-B)=0$ $\xi\in \mathbb{P}^{1}(\mathbb{C})$ $(A, B)$
$(A, B)$ $n-\deg\Phi_{(A,B)}(z, 1)$ $\infty$
$G\cdot(\mathcal{A}, B)$ $L^{\chi-\Re}$ $G$- $(a, b)\in c\cap(G\cdot(A, B))$
$(a, b)=$ (diag $(a_{1},$ $\ldots,$ $a_{n})$ , diag $(b_{1},$ $\ldots,$ $b_{n})$ ) $\in c$ $b_{1}/a_{1},$ $\ldots,$ $b_{n}/a_{n}$ $(A, B)$
\S 3
$L^{\chi-ss}\parallel G=(L^{\chi-\Re})^{G-c1}/G\simeq \mathbb{P}^{1}(\mathbb{C})^{n}/S_{n}$
$n$ $L^{\chi-\Re}$ $G$- 1 1 $L^{\chi-ae}$
$\alpha\in \mathbb{P}^{1}(\mathbb{C})$ $f_{\alpha}\in \mathbb{C}[L]_{\chi}^{G}$ $(X, Y)\in L$
$f_{\alpha}(X, Y)$ $:=\det(X-\alpha Y)(\alpha\in \mathbb{C}),$ $f_{\infty}(X, Y)$ $:=\det(Y)$
$G$- $L_{\alpha}\subset L^{\chi-ss}$ $L_{\alpha}:=\{(X, Y)\in L|f_{\alpha}(X, Y)\neq 0\}$




$\alpha_{n}\in \mathbb{C}$ $n+1$ $L^{\chi-\infty}$ $n+1$
$L^{\chi-\infty}= \bigcup_{0\leq i<n}L_{\alpha}$. $n+1$
$L^{\chi-oe}= \bigcup_{\alpha\in \mathbb{C}}L_{\alpha}$
$L_{\alpha}$ Jordan 2




$GL_{n}$ $G$ $GL_{n}-G,$ $g\mapsto(g, g)$ $G$
$\alpha\in \mathbb{C}$
$\varphi_{\alpha}$ : $\mathfrak{g}\mathfrak{l}_{n}-L$
$\varphi_{\alpha}:\mathfrak{g}\text{ _{}n}arrow L$ , $\varphi_{\alpha}(A):=(I+\alpha A, A)$
$GL_{n}$ $\mathfrak{g}\downarrow_{n}$ $\varphi_{\alpha}$ $GL_{n}$-
41. $\varphi_{\alpha}(g\downarrow_{n})\subset L_{\alpha}$ $G\cdot\varphi_{\alpha}(\mathfrak{g}t_{n})=L_{\alpha}$
GL. $\subset G$ $G$ $\mathfrak{g}\mathfrak{l}_{n}$ $Gx^{GL_{n}}\mathfrak{g}\mathfrak{l}_{n}$





$\overline{\varphi}_{\alpha}$ : $9|_{n}/GL_{n}arrow L_{\alpha}/G$ , $GL_{n}\cdot A\mapsto G\cdot\varphi_{\alpha}(A)$
$\pi_{GL_{n}}$ : $\mathfrak{g}\downarrow_{n}arrow g\mathfrak{l}_{n}\parallel GL_{n}$ $A\in \mathfrak{g}\mathfrak{l}_{n}$ Jordan
$A=S+N\in \mathfrak{g}\mathfrak{l}_{n}$ Jordan Jordan
, Jordan :
(1) $GL_{n}\cdot A\simeq GL_{n}X^{Z_{GL_{n}}(S)}(S+Z_{GL_{n}}(S)\cdot N)$
(2) $\pi_{GL_{n}}^{-1}(\pi_{GL_{n}}(A))\simeq GL_{n}\cross^{z_{c\iota_{n}(S)}}(S+\mathcal{N}(f_{9^{1_{n}}}(S)))$
(3) $\overline{GL_{n}\cdot A}\simeq GL_{n}\cross^{Z_{Gt_{n}}(S)}(S+\overline{Z_{GL_{n}}(S)\cdot N}))$
$\pi_{G}$ : $L^{\chi-\infty}arrow L^{\chi-\infty}$ $G$
4.3. $A\in \mathfrak{g}\mathfrak{l}_{n}$ Jordan $A=S+N$
(1) $G\cdot\varphi_{\alpha}(A)\simeq G\cross^{z_{OL_{\hslash}}s)}(S+Z_{GL_{n}}(S)\cdot N)$
(2) $\pi_{G}^{-1}(\pi_{G}(\varphi_{\alpha}(A)))\simeq G\cross G\pi_{GL_{n}}(\pi_{GL_{n}}(A))\simeq G\cross^{Z_{GL_{n}}(S)}(S+\mathcal{N}(s_{\mathfrak{g}1_{\mathfrak{n}}}(S)))$
(3) $\overline{G\cdot\varphi_{\alpha}(A)}\simeq G\cross^{Z_{GL_{n}}S)}(S+\overline{Z_{GL_{n}}(S)\cdot N})$
$\overline{\varphi}_{\alpha}$ : $\mathfrak{g}\mathfrak{l}_{n}/GL_{n}arrow L_{\alpha}/G$ $A,$ $B\in \mathfrak{g}\mathfrak{l}_{n}$
$GL_{n}\cdot A\subset\overline{GL_{n}\cdot B}$ $\Leftrightarrow$ $G\cdot\varphi_{\alpha}(A)\subset\overline{G\cdot\varphi_{\alpha}(B)}$
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43




$\overline{\varphi}_{\alpha}$ : $\mathfrak{g}\mathfrak{l}_{n}/GL_{n}arrow\sim L_{\alpha}/G$ $L_{\alpha}/G$ Jordan $\sum_{l=1}^{k}J_{n_{l}}(a_{i})$
$L_{\beta}$ Jordan
$L^{\chi-ss}= \bigcup_{\alpha\in \mathbb{C}}L_{\alpha}$ $G$-
$\overline{\varphi}_{\alpha}$
$\overline{\varphi}_{\beta}^{-1}$
$\mathfrak{g}t_{n}/GL_{n}\supset\overline{\varphi}_{\alpha}^{-1}(L_{\alpha}\cap L_{\beta}/G)arrow\sim L_{\alpha}\cap L_{\beta}/G$ ; $\overline{\varphi_{\beta^{1}}}(L_{\alpha}\cap L_{\beta}/G)\subset \mathfrak{g}1_{n}/GL_{n}$
$\overline{\varphi}_{\beta}^{-1}\circ\overline{\varphi}_{\alpha}(\sum_{i=1}^{k}J_{n_{i}}(a_{i}))$
$\circ$
44. $\alpha,$ $\beta\in \mathbb{C},$ $A,$ $B\in \mathfrak{g}\mathfrak{l}_{n}$
(1) $\varphi_{\alpha}(A)\in L_{\beta}$ $A$ $1/(\beta-\alpha)$
$\overline{\varphi_{\alpha}}^{1}(L_{\alpha}\cap L_{\beta}/G)=\{\sum_{i=1}^{k}J_{n_{1}}(a_{i})|a_{i}\neq 1/(\beta-\alpha)\}$
(2) $G\cdot\varphi_{\beta}(B)=G\cdot\varphi_{\alpha}(A)\Leftrightarrow$ Ad $(GL_{n})\cdot B=$ Ad $(GL_{n})\cdot[A\{I-(\beta-\alpha)A\}^{-1}]$
(3) $\overline{\varphi_{\beta^{1}}}\circ\overline{\varphi}_{\alpha}(\sum_{i=1}^{k}J_{n_{i}}(a_{i}))=\sum_{i=1}^{k}J_{n}:(\frac{a_{i}}{1-(\beta-\alpha)a_{i}})$
(4) $A$ ( ) $a\in \mathbb{C}$ $\varphi_{\alpha}(A)\in L^{\chi-ss}$ $\frac{a}{1+\alpha a}\in \mathbb{P}^{1}(\mathbb{C})$ (
)
$\square$







$n$ $\mathbb{P}^{1}(\mathbb{C})$-YDE YD$E^{}$ $(\mathbb{P}^{1}(\mathbb{C}))$
$\sum_{i=1}^{k}J_{n_{\iota}}(a_{i})\in\emptyset(_{n}/GL_{n}$




$O\in L^{\chi-\infty}/G$ $\mathbb{P}^{1}$ (C)-YDE 44, (3)
45. $L^{\chi-\infty}/Garrow YDE^{n}(\mathbb{P}^{1}(\mathbb{C})),$ $O\mapsto\Delta(O)$
$L^{\chi-\infty}/G$
$\Delta=\sum_{1=1}^{k}\Delta_{n}:(\xi_{i})\in YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$




46. $\Delta_{1},$ $\Delta_{2}\in YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$ 2 $O(\Delta_{1}),$ $O(\Delta_{2})\in L^{\chi-\infty}/G$
$O(\Delta_{1})\subset\overline{\mathcal{O}(\Delta_{2})}$ (1), (2)
(1) $\Delta_{1}$ $\Delta_{2}$
(2) $\Delta_{1},$ $\Delta_{2}$ $\xi\in \mathbb{P}^{1}(\mathbb{C})$ $[\Delta_{1}]_{\xi}\leq[\Delta_{2}]_{\xi}$
$\square$
4.4 $GL$2 $G$-
$(X, Y)\in L,$ $g=(\begin{array}{ll}a bc d\end{array})\in GL$2
(X, Y) $\cdot g=(X, Y)\cdot(\begin{array}{ll}a bc d\end{array})=(Xa+Yc, Xb+Yd)$
$GL$2 $L$ $GL$2- $G$ $L$
5 GL2
$\mathbb{P}^{1}(\mathbb{C})=\{[x,y]=y/x|(x,y)\in \mathbb{C}^{2}\backslash \{(0,0)\}\}$
$[x, y]\cdot g=[x, y]\cdot(\begin{array}{ll}a bc d\end{array})=[xa+yc,$ $xb+yd\rfloor$
$L^{\chi-\infty}/G\simeq YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$
$\Delta=\sum_{i=1}^{k}\Delta_{n_{1}}(\frac{b_{i}}{a_{i}})=\sum_{i=1}^{k}\Delta_{n}.([a_{i}, b_{i}])\in YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$




$O( \sum_{i=1}^{k}\Delta_{n_{i}}([a_{i}, b_{i}]))\cdot g=O(\sum_{i=1}^{k}\Delta_{n_{i}}([a_{i}, b_{i}]\cdot g))\square$
\S 5 $GL_{n}r\backslash Sym_{n}\cross Alt_{n}$ ( $n$ : even)
Kronecker
( $\theta$- ) $GL_{n}\cap Sym_{n}\cross Alt_{n}$
51 $\theta$-




$\theta$ compatible $\alpha\in Z_{GL(\overline{L})}(\rho(\tilde{G}))$ $\varphi:=\alpha^{-1}s\in$
GL$(\tilde{L})$
$L:=\{v\in\tilde{L}|sv=\alpha v\}$





$\tilde{G}:=GL_{n}\cross GL_{n’}\sim\tilde{L}:=M_{n}\cross M_{n},$ $\rho(g, h)\cdot(X, Y)=(gXh^{-1}, gYh^{-1})((g, h)\in\tilde{G}, (X, Y)\in\tilde{L})$
$\tilde{\chi}$ : $\tilde{G}arrow \mathbb{C}^{x}$ , $\tilde{\chi}(g, h):=\det(g)\det(h)^{-1}$
Kronecker $\theta$- $\theta$-
2 $\theta$ : $\tilde{G}arrow\tilde{G},$ $\theta(g, h)=({}^{t}h^{-1},{}^{t}g^{-1})$ $s:\tilde{L}arrow\tilde{L},$ $s(X, Y);=({}^{t}Y_{)}{}^{t}X)$
$s\in N_{GL(\overline{L})}(\rho(\tilde{G}))$
$G=\tilde{G}^{\theta}=\{(g,{}^{t}g^{-1})|g\in GL_{n}\}\simeq GL_{n}$
$\alpha\in Z_{GL(\tilde{L})}(\rho(\tilde{G}))$ $\alpha(X, Y)=(-Y, X),$ $(Y, X),$ $(-Y, -X)$
Kronecker $(\tilde{G};\tilde{L})$ 3 $\theta$-
(III) $G=GL_{n}\cap L=$ Sym. $\cross Alt_{n}$ , $g\cdot(A, B)$ $:=(gA^{t}g, gB^{t}g)$
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(rv) $G=GL_{n}\cap L=Sym_{n}\cross Sym_{n}$ , $g\cdot(A, B)$ $:=(gA^{t}g, gB^{t}g)$







53 $GL_{n}\cap Sym_{n}\cross Alt_{n}$ Chevally section
$n=2m$
$G=GL_{n}\cap L=Sym_{n}\cross Alt_{n}$
$\tilde{\chi}\in X(\tilde{G})$ $G$ $\chi:=\tilde{\chi}|_{G},$ $\chi(g)=\det(g)^{2}(g\in G)$
$\tilde{K}=Ker(\tilde{\chi})\subset\tilde{G},$ $K=Ker(\chi)=$ SL$n\pm\subset G$
(i) $\mathbb{C}_{\chi}^{G}[L]=\mathbb{C}[L]^{K}=\mathbb{C}[\tilde{L}]^{\tilde{K}}|_{L}=\mathbb{C}_{\overline{\chi}}^{\tilde{G}}[\tilde{L}]|_{L}=\mathbb{C}[f_{0}|_{L}, f_{2}|_{L}, \ldots, f_{n}|_{L}]$
(ii) Chevally section, Wely
$W_{G}=T_{m^{\aleph}}(Z_{2}^{m_{\aleph}}S_{m})\triangleright W_{K}=\{(t, \epsilon,\sigma)|\epsilon_{1}\cdots\epsilon_{m}\det(t)=\pm.1\}$ , $c=\mathbb{C}^{m}\cross \mathbb{C}^{m}$
(a, b) $=(a_{1}, \ldots, a_{m}, b_{1}, \ldots, b_{m})\in C$
$\sigma\in S_{m},$ $\epsilon=(\epsilon_{1}, \ldots,\epsilon_{m})\in \mathbb{Z}_{2}^{m},$ $t=(t_{1}, \ldots,t_{m})\in T_{m}$
$\sigma\cdot(a, b)=(a_{\sigma(1)}, \ldots, a_{\sigma(m)}, b_{\sigma(1)}, \ldots, b_{\sigma(m)})$,
$\epsilon\cdot(a, b)=(a_{1}, \ldots, a_{m}, \epsilon_{1}b_{1}, \ldots, \epsilon_{m}b_{m})$
$t\cdot(a, b)=(t_{1}a_{1}, \ldots, t_{m}a_{m}, t_{1}b_{1}, \ldots, t_{m}b_{m})$
(iii) (a, b) $\in C$
$(a_{1}^{2}x^{2}-b_{1}^{2}y^{2})\cdots(a_{m}^{2}x^{2}-b_{m}^{2}y^{2})=s_{0}(a, b)(x^{2})^{m}+s_{1}(a, b)(x^{2})^{m-1}y^{2}+\cdots+s_{m}(a, b)(y^{2})^{m}$
$s_{j}\in \mathbb{C}[c](0\leq j\leq m)$ $\mathbb{C}[c]^{W_{K}}=\mathbb{C}_{\chi_{w}}^{W_{G}}[c]$
(iv) $c^{\chi_{w}-\Re}$ $W_{G}$-
$\pi_{W_{G}}:c^{\chi_{w^{-8B}}}arrow \mathbb{P}^{m}(\mathbb{C})=c^{\chi_{w}-\infty}\parallel W_{G}$ , $\pi_{W_{G}}(a,b)=[s_{0}(a,b), \ldots, s_{m}(a, b)]$
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(v) $\pi_{W_{G}}$ $W_{c^{O}}=T_{m}$ $C^{\chi_{w^{-88}}}/W_{G}^{O}$ ( )




$\mathbb{C}^{m}=c_{0}/W_{G}^{\text{ }}$ $arrow$ $c^{\chi_{w}arrow ae}/W_{G}^{o}$ $=$ $\mathbb{P}^{1}(\mathbb{C})^{m}$
$\downarrow$
$\downarrow$ $\downarrow\psi$ $/W_{G}/W_{G}^{\text{ }}$ , $(c_{0}=\{(a, b)\in c|a_{1}\cdots a_{m}\neq 0\})$
$\mathbb{C}^{m}=c_{0}/W_{G}$ $arrow$ $c^{\chi_{w}-\Re}/W_{G}$ $=$ $\mathbb{P}^{m}(\mathbb{C})$
$\psi$ : $\mathbb{P}^{1}(\mathbb{C})^{m}arrow \mathbb{P}^{m}(\mathbb{C})$ $([a_{1}:b_{1}], \ldots, [a_{n}:b_{n}])\in \mathbb{P}^{1}(\mathbb{C})^{m}$
$\psi([a_{1} :b_{1}], \ldots, [a_{n}:b_{n}])=[s_{0}(a, b):s_{1}(a, b):\cdots:s_{n}(a, b)]$
Wely Cartan
(compact )
5.4 $GL_{n}\cap(Sym_{n}\cross Alt_{n})^{\chi\cdot ss}$
Kronecker $\tilde{G}$ $:=GL_{n}\cross GL_{n}r\searrow\tilde{L}$ $:=M_{n}\cross M_{n}$ $Z_{GL(\overline{L})}(\tilde{G})=GL$2
GL2- $L_{\alpha}(\alpha\in \mathbb{P}^{1}(\mathbb{C}))$
$G=GL_{n}\cap L=Sym_{n}\cross Alt_{n}$ $Z_{GL(L)}(G)=T_{2}\subset$
GL2 T2 $\mathbb{P}^{1}(\mathbb{C})\wedge T_{2}$ $\mathbb{P}^{1}(\mathbb{C})$ 3
$\mathbb{P}^{1}(\mathbb{C})=\{0\}\cup\{\infty\}\cup \mathbb{C}^{x}$ $L_{\alpha}=\tilde{L}_{\alpha}\cap L$
$L^{\chi-ss}= \bigcup_{\alpha\in 1P^{1}(\mathbb{C})}L_{\alpha}$
(5.1) $L_{\alpha}=L_{1}\cdot(\begin{array}{ll}1 00 \alpha\end{array})(\alpha\in \mathbb{C}^{x})$
generic $L_{\alpha}(\alpha\in \mathbb{C}^{x})$ $G$-
5.5 generic $L_{\alpha}$
$GL_{n}r\sim M_{n},$ $g\cdot X=gX^{t}g$
$M_{n}=M:=\{({}^{t}X, X)\in\tilde{L}|X\in M_{n}\},$ $GL_{n}=G=\{(g,{}^{t}g^{-1})\in\tilde{G}|g\in GL_{n}\}$
$(G, M)arrow(\tilde{G},\tilde{L})$ $\theta$-
$M/Garrow\tilde{L}/\tilde{G}\simeq YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$ $M_{0}$ $:=\tilde{L}_{0}\cap M,$ $g_{0}$ $:=(\begin{array}{ll}1 11-1 \end{array})$
$M\cdot g_{0}=L$ , $M_{0}\cdot g_{0}=L_{1}$ , $M_{0}/G\simeq L_{1}/G(O\mapsto O\cdot g_{0})$
4.4 $GL$2 $M_{0}/Grightarrow YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$
$g_{0}$ $L_{1}/G$ YD$E^{}$ $(\mathbb{P}^{1}(\mathbb{C}))$
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(5.1) generic $L_{\alpha}/G$
YD$E^{}$ $(\mathbb{P}^{1}(\mathbb{C}))$ $(M_{n})_{\det\neq 0}/GL_{n}=M_{0}/Garrow YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$
$G=GL_{n}$ $s1_{\eta n}$ Aut $(st_{\tau n})=$ Int $(\epsilon I_{m})\cup$ Out $(s1_{n})$
$G=GL_{n}\cap$ Aut $(\epsilon 1_{m})$ , $g\cdot\sigma=$ Ad $(g)\cdot\sigma$ . Ad $(g^{-1})$
$\sigma_{0}\in$ Out $(z1_{n})$ $\sigma_{0}(A)=-{}^{t}A(A\in s1_{\tau n})$
$x\in(M_{n})_{\det\neq 0}$
$\tau_{x}:=$ Ad $(x)\cdot\sigma_{0}\in$ Out $(\epsilon 1_{n})=$ Ad $(GL_{n})$ . $\sigma_{0}$
$g\cdot\tau_{x}=\tau_{gx^{t}g}(g\in G)$ $G$-
$\tau:(M_{n})_{de\text{ }\neq 0}arrow Out(s\mathfrak{l}_{n})$
$(M_{n})_{\det\neq 0}/GL_{n}arrow\sim$ Out $(z!_{7\Pi})/$ Ad $(GL_{n})$
$(M_{n})_{\det\neq 0}/GL_{n}$ Out $(s1_{\tau n})$
Ad $(GL_{n})$ 2
2
$(M_{n})_{\det\neq 0}arrow\tau$ Out(ff$[_{n})arrow()^{2}$ Int $(s1_{m})=$ Ad $(GL_{n})$ , $x\mapsto\tau_{x}=$ Ad $(x)\cdot\sigma_{0}\mapsto$ Ad $(x^{t}x^{-1})$
$(M_{n})_{\det\neq 0}/GL_{n}\simeq$ Out$(st_{m})/$ Ad $(GL_{n})arrow$ Int $(s\mathfrak{l}_{n})/$ Ad $(GL_{n})$
$G\cdot x\in(M_{n})_{\det\neq 0}/GL_{n}$ $(M_{n})_{\det\neq 0}/GL_{n}arrow YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$
$x^{t}x^{-1}$ Jordan $(=YDE^{n}(\mathbb{C})\subset YDE^{n}(\mathbb{P}^{1}(\mathbb{C})))$
$x\in(M_{n})_{\det\neq 0}$ $x^{t}x^{-1}$ Jordan $(M_{n})_{\det\neq 0}/GL_{n}arrow$
$YDE^{n}(\mathbb{P}^{1}(\mathbb{C}))$
5.2. (1) $M_{0}/G\simeq\{\Delta_{p}(a)+\Delta_{p}(a^{-1})(a\in \mathbb{C}^{x}),$ $\Delta_{p}(1)(p$ : odd), $\Delta_{p}(-1)(p$:even) $\}$
(2) $L_{1}/G\simeq\{\Delta_{p}(\xi)+\Delta_{p}(-\xi)(\xi\in \mathbb{P}^{1}(\mathbb{C})\backslash \{\pm 1\}),$ $\Delta_{p}(0)(p$ : odd), $\Delta_{p}(\infty)(p$: even) $\}$
(3) $L^{\chi-\infty}/G\simeq\{\Delta_{p}(\xi)+\Delta_{p}(-\xi)(\xi\in \mathbb{P}^{1}(\mathbb{C})),$ $\Delta_{p}(0)(p$ : odd), $\Delta_{p}(\infty)(p$ : even) $\}$
\S 54 $L_{0},$ $L_{\infty}$
$L_{0},$ $L_{\infty}$
$G\simeq L_{0arrow L^{\chi-\Re^{\varphi en}}}^{open}$
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$0_{n}/$ Ad $(O_{n})\simeq L_{0}/Garrow L^{\chi-88}/Garrow L_{\infty}/G\simeq\epsilon \mathfrak{p}_{n}/$ Ad $(Sp_{n})$
5.3.(1) $0_{n}/$ Ad $(O_{n})\simeq L_{0}/G=\{\Delta_{p}(\xi)+\Delta_{p}(-\xi)(\xi\in \mathbb{C}),$ $\Delta_{p}(O)(p$ : odd) $\}$
(2) $\epsilon \mathfrak{p}_{n}/$ Ad $(Sp_{n})\simeq L_{\infty}/G=\{\{\Delta_{p}(\xi)+\Delta_{p}(-\xi)(\xi\in \mathbb{P}^{1}(\mathbb{C})\backslash \{0\}),$ $\Delta_{p}(\infty)(p$ : even) $\}$
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